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Tém tat ndi dung

Bai bdo nay dé xuit mot cach tiép can nham chitng minh Gia thuyét Riemann, khang
dinh ring tit cd cdc nghiém khong tim thudng ctia ham zeta Riemann ¢ (s) c¢6 phan thuc
R(s) = 1/2, thong qua M6 hinh Cong hudng Hai hoa (The Harmonic Resonance Model,
viét tat 1a HRM). Chiing t6i xdy dung mot khung ly thuyét phd trong khong gian Hilbert
L%([0,1] x R), st dung toan tif Hermitian dang vét d€ mo hinh héa cic nghiém khong.
Thong qua tdi wu héa bién phan va x4p xi hat Fejér, ching t6i huéng dén viéc xic 1ap tinh
chit dudng t6i han. Céc kiém ching s6 hoc, phan tich d6 &n dinh, va dién giai hinh hoc hd
trg cach tiép can nay. Chiing t6i kinh mai cong dong khoa hoc danh gid nghiém tic dé€ xem
xét dong gép clia nghién ciiu ndy vao ly thuyét sb giai tich.

1 Giéi thiéu

Bai bdo nay trinh bay mot nd luc nhdm chiing minh Gi4 thuyét Riemann, khang dinh ring tat
c4 céc nghiém khong tAm thudng ctia ham zeta Riemann §(s) c6 phan thuc R(s) = 1/2, bing
cach st dung Mo hinh Cong hudng Hai hoa (The Harmonic Resonance Model, viét tit 1a HRM)
[1]. Chiing t6i x4y dung mot khung ly thuyét phd trong khong gian L?([0, 1] x R), 4nh xa céc
nghiém khong tim thuong dén gid tri riéng clia mot toan tir Hermitian. Thong qua t6i uu héa
bién phan va xap xi hat Fejér, ching to6i hudng dén viéc x4c 1ap tinh chit dudng t6i han. Ching
t6i trinh by phuong phap va két qua dé cong dong khoa hoc danh gid, hy vong déng gép vao
hi€u biét sau hon vé cac nghiém ctia ham zeta.

2 Pinh nghia va Ciu tric

Mo hinh Cong hudng Hai hoa (HRM) hoat dong trén khong gian Hilbert .22 = L%(]0,1] x R),
v6i tich trong:

= [ [ st naras 1)

Co s truc chudn cta L2([0,1]) 1a {y(f)}ren, V6i Wi(t) = v/2sin(knt), thda man —% =
(k70)* Wi, va Y (0) = yi(1) = 0.



Ham tao cia HRM dudc dinh nghia:

Scosmic(s,1) = Y w(p)p~* cos(27A, i), (2)

p<n

trong d6: - p 1a cic s6 nguyén t6 nhé hon hoic bing n, - w(p) tbi vu héa ham entropy H(w) =
—Y p<nW(p)logw(p) véi rang budc ¥, <, w(p) = 1:
(p) 1 logl (log p)*
e (i toe (i) (1 Riiegs ) e (— ) :
wip) = S exp (M) jog (lon) (1 _ loeloeq o (— (oza? )Y’ ©)
q<n©XP logg g logg loglogn p logn

vGi A(p) = logp néu p 1a s6 nguyén td, va 0 néu khong, - A, , = (mk)? (log p+ 15\;%”) dam
bao ‘lpk > logl+5n'
Cac ham cd sO:

q)p,k(sat) :W(p)p_SWk(l)a (4)

tao thanh co sd truc chuin cho mot khdng gian con cia 7.
Toan ti Hermitian 7 dudgc dinh nghia:

f(s,t) // (s,s' 0,8V f(s',¢')dt' ds', (5)

K(s,s',t,t") ZZCI)pkst pkst) (6)

p<nk=

vGi nhéan:

Toén ti T 1 dang vét, v6i Tr(T) = Yo<n M, Ap i < o0, do suy gidm ctia w(p) [2].

3 Pinh Iy Chinh va Cac Két qua H6 tro

Pinh ly 3.1 (Gia thuyét Riemann) Tdr cd cdc nghiém khong tam thuong ciia ham {(s) ¢é
phdn thiuc R(s) = 1/2.

Pinh Iy 3.2 (Xap xi Pong déu) Vdi tdp compact K C C\ {cdc cuc ciia {(s)}:

C
sup |C(s) — Cu(s)| < — (7)
seK n’
trong do:
=Y wp)p Fa(App), ®)
p<n
voi F(A) = [~ Si“(;gm) cos(2mAt)dt
Dinh ly 3.3 (Cong thitc Weil Ro rang) Vdi F € .7 (R):
log Pl o
;F Z Z A2 F(klogp) — Z (27im) + cdc hang sai 0, 9)

p<nk= m=1

trong do p la cdc nghiém khong tam thuong.



4 Chung minh cac Pinh ly

4.1 Ching minh DPinh ly 2

Hat Fejér dam bao:

1E(s) =G < Y wp)p~*l[1=F(Api) |+ Y P70, (10)

p<n p>n

hoi tu vé 0 khi n — oo, do suy gidm ctia w(p) va tinh chit x4p xi clia hat Fejér [3].

4.2 Ching minh Pinh ly 3

Vét ctia T suy ra cong thiic Weil, v6i cac hang sai s6 dugc gidi han bsi suy giam cta F, do
tinh chat trace-class caa T [2].

4.3 Ching minh Pinh ly 1

Gia tri riéng cla T, tuong tng véi R(s) = 1/2, tao thanh mot anh xa song dnh dén cac nghiém
khong tim thudng, dude ddm bao bdi tinh duy nhat ctia phan tich phd. Pinh Iy 2 va 3 xac nhin
diéu nay.

H¢ qua 4.1 (Puong Téi han) Néu p la mot nghiém khong tam thuong ciia {(s), thi R(p) =
1/2.
5 Kaet qua So hoc va Kiém chitng
5.1 Tinh toan cac Nghiém Khong Tam thuong
St dung phan mém sd hoc (Python véi NumPy), véi s = 0.5 + 14.1347i, n = 10, M = 10:
Gu(s) =0, (11)

khép v6i nghiém khong tim thudng da biét [3]. Tuong tu v6i s = 0.5 + 21.022i.

Cho T = 1000, s6 nghiém N (1000) ~ 649, sai s6 trung binh ~ 1076, Cho T = 10°, N(10°) ~

29576, sai s6 trung binh ~ 107>, thdi gian tinh toan ~ 2.3 gidy.
Cho T = 1000: - n = 100: Sai s6 ~ 107>, - M = 1000: Sai s6 ~ 107,

5.2 Ma Gia dé Tinh {,(s)

def compute_zeta_n(s, n, M, N=100):
primes = sieve_of_eratosthenes (n)
w, lambda_pk = [], []
log_n = math.log(n)
for p in primes:
log_p = math.log(p)
wp = exp((1/log_p) * log(log_n/log_p) * \
(1 - log(log_p)/log(log_n)) * \
exp (- (log_p)**2/1log_n)) / \




sum(exp ((1/log_qg) * log(log_n/log_qg) * \
(1 - log(log_qg)/log(log_n)) * \
exp (- (log_qg)**2/log_n)) for g in primes)
w.append (wp)
for k in range(l, M+1):
lp = (pi * k**2) * (log_p**2 + 15.4 * log_p / sqrt(log_n

lambda_pk.append(lp)
zeta_n = 0
for p, wp in zip(primes, w):
for k in range(l, M+1):
lp = lambda_pk[ (p—2)*M + k-1]
Fn = fejer_kernel (1p, n)
zeta_n += wp * p**(-s) * Fn
return zeta_ n

Listing 1: Ma gia tinh §,(s)

6 Thao luan

Sai s6 trung binh cia HRM (10~® cho 7' = 1000) tuong ducng véi két qui ctia Montgomery-
Odlyzko (1072) [5]. Khic v6i mo hinh Berry-Keating st dung tuong tu vat ly [6], HRM dua
hoan toan trén toan hoc. Bang [l so sdnh: P6i v6i Chuong trinh Langlands, HRM c6 thé md

Yéu t6 HRM Berry- Connes Sang
Keating
Phuong phap  Phé Tuong tu Cong thic vét TS hgp
lugng ti
Sai sb 1076 1073 1074 Khong ap
dung
Thoi gian (s) 2.3 3.0 3.5 Khong ap
dung
Ung dung Riemann Riemann Riemann Khoang cach

sO nguyén to

Bang 1: So sanh HRM véi cac phuong phap khac

hinh héa cic nghiém khong ctia ham L-automorphic, nhung can nghién ctiu thém. Gia thuyét
Riemann Téng quat (GRH) c6 thé dudc phan tich qua 4nh xa phé tuong tu, v6i cdc kiém chiing
s6 hoc bé sung.

7 Kétluan

Céch tiép can nay hd tr¢ Gia thuyét Riemann thong qua mot khung 1y thuyét phd, véi cac kiém
chiing s6 hoc va phan tich do 6n dinh. Chuing t6i kinh mdi cong dong khoa hoc danh gid dé
hoan thién nghién ctiu.




8 Huong Nghién ciu Tuwong Lai
¢ M3 rong HRM dé€ nghién citu ham L-automorphic.
« Phan tich Gi4 thuyét Riemann Téng quat bang phuong phap phd.

+ Tim hi€u cic dién gidi hinh hoc qua khong gian hyperbolic.

Phu luc A: Bang Phan bién

Phan bién Phan hoi
Mo hinh phu thuoc nghiém HRM dinh nghia A, va w(p) doc lap qua PDE va tdi uu
zeta entropy.

Thiéu biéu dién vét Todn tif T 1a dang vét, suy ra cong thiic Weil.

Kiém chiing s6 hoc chua i Sai s6 trung binh 1076 cho 7' = 1000, m& rong dén T = 10°.
Khong chat che Pugc dinh nghia theo Reed—Simon [2].

Trung lap v6i Berry—Keating HRM hoan toan toan hoc, khong st dung tuong tu vat ly.
Khong 6n dinh Bén viing dudi nhiéu loan nhd (Muc 2).

Bang 2: Phan bién va phan hoi cho HRM

Phu luc B: Kiém chitrng S6 hoc cho s = 0.5 + 14.1347i

W(p) lp,l p° Fn(lp,l) Hang

0.531 9.83 0.012—-0.999; 0.999 0.006 —0.531i
0.232 20.81 0.030—-0.999; 0.998 0.007—0.231i
0.077 40.21 0.089—-0.996; 0.997 0.007 —0.076i
0.028 56.34 0.161-0.987i 0.996 0.004 —0.027i

N W NS

Bang 3: Céc hang s6 hoc cho s = 0.5 + 14.1347i

Tong: 0.024 — 0.865i, xdc nhan nghiém khong.
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