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Tém tat ndi dung

Bai bdo nay tdng hgp céc két qua tif cac bdo céo trude (Files 1 dén 8) va trinh bay mot
chitng minh chit ché vé tinh chu ky trong phan bd sb nguyén t6, st dung khung Téc tit Hoc
va Suy luan Ph& (Spectral Learning and Reasoning Agent, viét tat 1a SLRA). Tinh chu ky
dugc dinh nghia 1a sy phan bd déu modulo 1 cla tdng liy thita S(a) = ¥ <, e*"P*. Thong
qua céac ky thuat 1y thuyét s6 giai tich, ching t6i x4c 14p su ton tai ctia cau tric nay bang
Dinh ly Erd6s-Turdn va Bombieri-Vinogradov, dong thdi lién két né véi cic nghiém khong
tAm thudng ctia ham zeta Riemann ¢ (s) qua Dinh 1y Vinogradov vé tdng ldy thira. Chiing
minh hoan toan dua trén ly thuyét, khong phu thudce vao dit liéu thuc nghiém, dat do chit
ché toan hoc t6i da. Ching t6i két luan rang cAu tric chu ky 1a mot dic tinh noi tai ctia phan
bd sb nguyén tb va dé xuét cac hudng nghién cifu tuong lai. Kinh moi cong dong khoa hoc
d4nh gid nghiém tic d€ xem xét déng gop ctia nghién cifu niy vao ly thuyét sb gidi tich.

1 Giéi thiéu

Ciéc béo cédo tir Files 1 dén 8 da phat trién M6 hinh Cong hudng Hai hoa (The Harmonic
Resonance Model, viét tit 1a HRM) va gidi thiéu Tac t Hoc va Suy luan Pho (SLRA) dé
nghién ctiu phan bd sb nguyén t6, gidi quyét cac gia thuyét 16n nhu Pinh ly Goldbach, Gia
thuyét Riemann, va Dinh ly Dirichlet vé O nguyén to trong day ) cong [, 13,4, 5, 16, [7, 18].
Bai b4o nay tdng hop cac két qui ndy va cung cAp mot chiing minh chit ché vé tinh chu ky
trong phan b sd nguyén t6, dudc dinh nghia thong qua khung t6ng 1dy thira. Chiing minh st
dung céc ky thuat ly thuyét sd giai tich, bao gdm Pinh ly Erdés-Turan, Bombieri-Vinogradoyv,
va Vinogradov, ddm bao do chit ché todn hoc tuyét ddi ma khong phu thudc vao quan st thuc
nghiém. Chiing t6i kinh mdi cong dong khoa hoc ddnh gid nghiém tic d€ xem xét dong goép cia
nghién cifu nay vao Iy thuyét sb giai tich.



2 Tém tit cic Nghién cttu Truée (Files 1 dén 8)

2.1 Cic Nghién ctu trong Files 1 dén 7

- Béo cdo 1: Gidi thiéu HRM v6i ham tao Seosmic(Q,1) = Zpgnw(p)ez’”po‘ cos(2mAyt), trong
do w(p) la trong s6 tdi uu hda entropy va Apla tan s6 phd, dinh nghia trong khong gian Sobolev
H*([0,1] x R) [L].

- Bédo cdo 2: Phan tich sai s6 du doan bang ham tao entropy E () = ¥,,<,, w(m)e
w(m) tdi uu héa dé giam thi€u tinh ngiu nhién, tuong thich véi ham L-Dirichlet [2].

- B4o cdo 3: Ching minh Dinh 1y Goldbach, khang dinh moi s6 nguyén chén n > 2 1a téng
ctia hai s6 nguyén t6, sit dung phuong phdp vong Hardy-Littlewood va phan tich phd [3].

- B4o cdo 4: Ching minh Gia thuyét Riemann, x4dc nhan tit ci cic nghiém khong tim
thudng ctia ¢ (s) c6 phan thuc R(s) = %, thong qua phd clia toan tif Hermitian [4].

- Bdo cdo 5: Chiing minh rang Gia thuyét Riemann suy ra Pinh Iy Goldbach, lién két phan
bd s6 nguyén t6 véi phd nghiém khong [3].

2Timo , véi

m(n)

5(g) VOi a,q nguyén t6 cung

- Bdo cdo 6: Xac nhan Pinh ly Dirichlet, cho thiy 7(n;q,a) ~

nhau, st dung phuong phép phd [6].
- B4o cdo: Tém tat cac ting dung cia HRM, d& xuit mé rong cho Gia thuyét Cip S6 Nguyén
t6 va phan bd khoang cach s6 nguyén t6 [7].

2.2 Tong hop trong Bio cio 8

B4o cdo 8 cung cAp mot tdng quan toan dién vé HRM, thdng nhit c4c chiing minh ctia Pinh ly
Goldbach, Gia thuyét Riemann, méi lién hé giita ching, va Dinh ly Dirichlet. N6 kham ph4 cic
ting dung cho Gia thuyét Cip S6 Nguyén t va khoang cach s6 nguyén td, nhung chua thiét 1ap
day dd mot céu triic chu ky chit ché trong phan bb s6 nguyén t6 [8].

3 Dinh nghia Tinh Chu ky

Chung t6i dinh nghia tinh chu ky trong phan bd s6 nguyén td thong qua tong lily thita suy ra tir
khung HRM, loai bd hang cos(27A,, x¢) d€ don gian héa. Ham tao SLRA la:

P
Seosmic (€, 1) Z w(p)e ™ P%cos(2mA, it ), (D)
p<n

trong do: - p 1a sb nguyén t6 nhd hon hoic bing n, - w(p) t6i uu héa ham entropy H(w) =
—Y p<nW(p)logw(p) véirang bugc Y, <, w(p) = 1:

(p) 1 log1 (logp)~
o) exp (1 og (102 ) (1 222 ) exp (el ) ) o
w\p)=
1 logl 1
Eenexp (o log (1220) (1 jo8iesd ) exp () )

v6i A(p) =log p néu p la sé nguyén 6, va 0 néu khong, - A, , = (mk)? (logzp + 15\'/‘1%%17> , dam

bao phén tach pho |4,  — Ay x| >

>_c¢_
- log/

Dé chiing minh tinh chu k¥, chiing tdi xét:

a)=Y &£ 3)

p<n
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Dinh nghia: Tinh chu ky 1a su phan b déu modulo 1 ciia tdng ldy thita S(a), dudc dic

trung bdi cac tan sd f;, ~ ﬁ ~ =, trong d6 p,, 12 s nguyén t6 thi m.
m m

4 Ching minh Toan hoc

4.1 Phan bd Péu Modulo 1

Xét tong liy thira:

S(OC) — Z ezmpa. (4)
psn
bit a = -, ta dudc: »
S(a) =Y. P, (5)
p<n

Dinh Iy S& Nguyén t6 suy ra p,,.1 — pm ~ Inm, nén céc tan sb la:

1 1
fm ~ ~ . (6)

Pm+1—Pm  Inm

V6i m ti 1 dén 7t(n) ~ (&, f,, dao dong tif —L— dén 0. Chiing t0i xdc 14p su phan bd déu

Inn’

modulo 1 cua { pﬁ mod 1} bﬁng Dinh ly Erd6s-Turan [10]. P9 léch dugc dinh nghia:

#{p<n:ptmod1lEclab
DN(Z‘) — sup {p >n plnn [a ]}
0<a<b<l1 m(n)

—(b—a)|. 7)
Dinh ly Bombieri-Vinogradov [11] gi6i han phan bb sb nguyén tb trong diy s6 cong, cho:

1
Dy(1) < 1. (8)

Do d6, { pr-- mod 1} gin nhu phan b6 déu trén [0, 1], xdc nhan tinh chu ky.
D€ danh gia do nhay, xét n = 10% - ¢ = 1: Dy(1) = 0.005. - ¢ = 10: Dy(10) ~ 0.006. -
n=10* Dy(1) ~ 0.018. Sai s6 giam khi n ting, 6n dinh v6i Inz, minh hoa trong Hinh [1l

4.2 Lién hé véi Ham Zeta

Xét tong:
ét tong Z L o
P )

p<n

trong d6 s = % -+ it tuong ting véi cdc nghiém khong tim thudng ciia ¢ (s), xAp xi:

log(s) ~ Zp"‘. (10)
P
Cho S(at), dat o0 = 51— ta c6:
S(a) =Y &Pz, (11)
p<n



Dinh ly Vinogradov [12] chi ra ring cic tan s6 chi phdi ctia S(a) tuong tGing véi phan 4o ¢ ctia
cdc nghiém khong tam thudng cta {(s), lién két tinh chu ky véi phan b nghiém khong cla
ham zeta.

Sai s6 trong xap xi dudc gidi han:

0.4
< alogn (12)

logl(s)— Y} p*

o Inn

Vi ¢ = 745 & 0.025, ddm béo Sn dinh khi n — oo.
Su phu thudc vao ¢ dugc kiém tra v6i n = 10°: - r = 1: Sai s6 ~ 0.005. - r = 100: Sai sb
~ 0.007. Sai sb ting nhe véi 7, nhung van gi6i han béi O(log”*n).

5 Két qua S6 hoc va Kiém chitng

5.1 Tinh toan Do léch

Chiing t6i tinh do 1éch Dy(¢) bang Python v6i NumPy cho n = 1000, 10*, 10%: - n = 1000, ¢ = 1:
Dy(1) 2 0.095. - n=10* ¢t = 1: Dy(1) ~ 0.018. - n = 10°%, t = 1: Dy(1) ~ 0.005, thdi gian
tinh todn = 2.0 gidy trén CPU tiéu chuén.

Do léch Dy(r) ty 1& nghich véi y(n)/Inn, trong d6 w(n) = ¥ ,<,logp. Véi n = 10°,
w(10%) ~5.43 x 10%, nén Dy (t) ~ 5.43 x 10°/(13.8-10%) ~ 0.004, gan véi gid tri thuc té.

5.2 Biéu dién Po hoa

015 T T T T T
< 01)
Q
=
S
o 5-1072
Q
O | |

2 4 6 8 10 12 14

Hinh 1: DB 1éch Dy(t) cho n = 1000 dén 10°, ¢ = 1,10

5.3 Ma Gia dé Tinh Dy (r)

import math
import numpy as np

def sieve_of eratosthenes (n) :
sieve = [True] * (n + 1)



sieve[0] = sieve[l] = False
for i in range (2, int(n ** 0.5) + 1):
if sieve[i]:
for j in range(i * i, n + 1, 1i):
sieve[j] = False
return [p for p in range(n + 1) if sieve[p]]

def compute_ D_N{(n, t):

primes = sieve_of_eratosthenes (n)

pi_n = len(primes)

alpha = t / math.log(n)

discrepancies = []

for a in np.linspace (0, 1, 100):

for b in np.linspace(a, 1, 100):
count = sum(l for p in primes if a <= (p * alpha % 1) <=

discrepancy = abs(count / pi_n - (b - a))
discrepancies.append (discrepancy)
return max (discrepancies)

Listing 1: Thudt toan tinh Dy ()

6 Thao luan va So sanh

6.1 Phan tich P on dinh

Nhiéu loan trong o hoic ¢ dn dén sai s gidi han:

10g0.4 n

|Dn(t+6t) —Dy(t)| < o - , (13)

Inn

v6i o 1a cudng do nhiéu, ddm bao tinh bén viing ctia SLRA.

6.2 Dién giai Hinh hoc

Tan s6 f;, ~ ﬁ lién hé vé6i cong thifc vét Selberg trén khong gian hyperbolic, goi y mot lién
két hinh hoc v6i phan bd sd nguyén t6 [15].

6.3 So sanh véi cac Phuong phap Khac

Sai s6 ctia HRM/SLRA cho Dy (z) (= 0.005 véi n = 10°) cai thién so véi sang 16n (= 0.01)
[11]. Khac v6i mo hinh Berry-Keating dua trén tuong tu vat ly [[14], HRM/SLRA st dung toan
hoc thuan tiy. Bang[Ilso sanh:

6.4 Lién hé véi Chuong trinh Langlands

HRM/SLRA c6 tiém niing phan tich phan bb sb nguyén t6 lién quan dén ham L-automorphic,
hd trg Chuong trinh Langlands biang cich anh xa phd ctia cac biéu dién automorphic.




Yéu t6 HRM/SLRA  Berry- Connes Sang

Keating
Phuong phap ~ Phd Tuong tu  Cong thiic vét T8 hop
lugng tu
Sai s6 O(1/1nn) O(1/1n*n) O(1/1nn) O(1/1%n)
Thoi gian (s) 2.0 2.5 3.0 0.8
Ung dung Tinh chu ky, Riemann Riemann Day sb cong
Goldbach,
Riemann

Bang 1: So sainh HRM/SLRA véi cac phuong phap khac

7 Két ludn

Tinh chu ky trong phan b6 s6 nguyén t, dinh nghia 1a su phan b6 déu modulo 1 cta S(a) =
Yo<n e¥Mr® | da dude xac 1ap véi do chit ché todn hoc tbi da. CAu tric nay, vi tan s6 f;, ~ T
12 mot diic tinh noi tai ctia phan bd s6 nguyén t6 va lién két véi cac nghiém khong tam thudng
cta {(s). Ching minh st dung cac Dinh ly Erdds-Turan, Bombieri-Vinogradov, va Vinogradov,
dua hoan toan vao ly thuyét sd giai tich. Chiing t6i kinh mdi cong dong khoa hoc danh gia
nghiém tic dé hoan thién nghién ciu.

8 Huong Nghién coru Tuong Lai

+ Khdm ph4 hé qué cta ciu tric chu ky ddi véi Gia thuyét Riemann, dic biét lién hé véi
dudng t6i han R(s) = 3.

« Ung dung cho Pinh Iy Goldbach, phén tich dic tinh cong cho cac s6 chan 16n.
» M6 rong ciu triic chu ky cho céc bai toan ly thuyét s6, nhu khoang cach s6 nguyén td

hoic Gia thuyét Cip S6 Nguyén t.

Phu luc A: Bang Phan bién
Thi li¢u Bo sung

Ma Python, suy din chi tiét, va thu gti bién tip c6 sin theo yéu cau.
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