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Tém tit ndi dung

Bai bao nay trinh bay M6 hinh Céng hudng Hai hoa (The Harmonic Resonance Model,
viét tat 1a HRM), mot khung ly thuyét phd nham nghién citu phan bd s6 nguyén t6 trong
ly thuyét sb giai tich. Pugc xay dung trong khong gian Sobolev H*([0,1] x R), HRM st
dung cdc trong sb tdi uu héa entropy va tan sd phan tich phd d€ mo hinh héa phan bd
s6 nguyén t6. Chiing t6i thiét 1ap nén tang toan hoc chit ché thong qua ly thuyét toan ti
Hermitian, phan tich phé, va cdc phan tich sai s6 chi tiét. C4c kiém chiing s6 hoc cho n 1én
dén 10°, phan tich do &n dinh trén nhiéu tham s6, va so sanh dinh lugng véi cic phuong
phdp c& dién va hién dai cho thiy tiém ning cia md hinh. HRM hd tr¢ nghién ciiu cic gia
thuyét nhu Pinh 1y Goldbach va Gia thuyét Riemann, v6i kha niing sit dung tan sb khong
phu thudc vao cac nghiém khong tam thudng ctia ham zeta. Ching tdi mong nhan dudc su
ddnh gid nghiém tiic tif cong dong khoa hoc dé xem xét déng gép ctia nghién cifu nay.

1 Giéi thiéu

Phan bd sb nguyén t6 1a mot van dé trong tam trong ly thuyét s gidi tich, lién quan dén cac gia
thuyét nhu Pinh ly Goldbach va Gia thuyét Riemann. Ching t6i dé xuit Mo hinh Cong hudng
Hai hoa (The Harmonic Resonance Model, viét tit 134 HRM), mot khung 1y thuyét phd trong
khong gian Hilbert L*([0, 1] x R), sit dung cdc trong s t6i uu héa entropy va diéu ché tin s dé
mo hinh héa phan bd s6 nguyén td. Dua trén ly thuyét todn ti Hermitian, HRM cung cip mot
nén tang toan hoc chiit ché cho céc bai toan 1y thuyét sd. Bai bao nay trinh by céc tién dé, ciu
triic todn hoc, ki€ém chiing s6 hoc 1én dén n = 10°, so sanh v6i cdc phuong phap nhu md hinh
Berry-Keating, cong thiic vét ctia Connes, va phudng phdp sang, cling cc dng dung cho cic
gia thuyét 16n. Ching tdi hy vong déng gép vao linh vuc ndy va mong nhan dugc y kién phan
bién tir cong ddng khoa hoc.

2 Khung Toan hoc

2.1 Ky hiéu va Quy uéc
Bang[1t6m tit cac ky hiéu trong HRM:



Ky hiéu Pinh nghia St dung trong Bao cao

Scosmic Zpgn W(p) 2mipa COS(Z?T;LPI) 1-3,6
Scosmic Yp<nW ( - cos(27t7tp i) 4-5
w(p) Trong so entropy truc tiép 1,3
w(p) Trong sb entropy bién phan 46
A Tan s6 don gidn 1,3
Apk Tan s6 tdng quat 4-6

Bang 1: Ky hiéu trong M6 hinh Cong hudng Hai hoa (The Harmonic Resonance Model)

2.2 Ham Tao
Ham tao cia HRM dudc dinh nghia:
Scosmic (1) Z w(p 27ripoc cos(2mAyt), (D)

p<n
L A 1 logl log p)? . 4 <A
trong do: - w(p) = %log (%) (1 12;2?2) exp ( (foggi) ), véi A(p) =logp néu pla sb

2 Z 2
nguyén tb, va 0 néu khong, - A, = ¥ Im(y) = (logp) exp ( (lﬁ)ggl;) ) +7.83 \1/%, trong do ¥,

1a cac nghiém khong tdm thudng clia ham zeta Rlemann £(s).
Ham thudc khong gian Sobolev H*([0,1] x R), v6i chuén:

1 poo R n
HScosmicH%{S :/0 / (1+’5’24_’T|2)S’Scosmic(5vf)|2 3n(1+10gn>s7 (2)

dugc chiing minh qua dinh ly Parseval ?. Phan tach ph6 dugc dam bao:

> —
A=Ayl 2 13 /5 3)
véi hiang sb ¢ > 0.
Tich phan thdi gian dudc xét trong nghia phan phdi:
/ cos(27A,t) cos(2mAgt) dt = = 8(Ay — Ag) + O (Lg’;) : @)
0 2 [Ap — 2]

1

trong d6 hing sb ¢; = e

~0.025, suy ra tl bién ddi Fourier ctia nhan K (1) = cos(2wA,t) cos (2,1 ) 1;>0:
1 i€
4182 —(2m(Ap £24y))?

A

K(¢) =

+ 78 (E +2m(A, ﬂq))] . 5)

Cac hang khong phai delta suy giam theo %. Sai s6 phu thudc log®*n, 6n dinh
q

khi |4, — 44| >log™ 0.2 1. P danh gid d6 nhay, xét n = 10°, sai s6 giam khi |Ap — Ay tang, nhu
minh hoa trong Hinh [lMontgomery and Vaughan [2007].
2.2.1 Pinh nghia Tan sb

Trong cic bao cdo 46, tin sd dudc tdng quat héa:

(6)

15.4lo
)

Vlogn
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1072

Sai sO

logn

Hinh 1: Sai s6 tich phan thoi gian theo logn

Mot tan sb thay thé khong phu thudc vao cic nghiém zeta:

7.831logp

~Jlogn (7)

A =log? p+

dam bao phan tach phd Ml";‘“ — l;1t| > =

logn*

2.2.2 Phan tich P6 nhay

Béng 2l t6m t3t do nhay cia HRM ddi véi cdc tham sd: Chuan Sobolev ||Scosmic||%s On dinh véi

Tham sb Bién thién Gidi han

n n <np HScosmic,nz - Scosmic,m le-Is <
np—nj

) log3 ny

s Bat ky s1,s2 ||Scosmic||%-132 < (1 +
log l’l) Is2=s1] HScosmic ”[2-131

N Ny <N, Ap(N2) = Ap(N1)| <
1 2
% loglog N,

Bang 2: Phan tich do nhay cita HRM

moi s, k€ c& s < 0 hodc s — . Khi s — oo, chudn ting theo (1 + logn)®; khi s — —oo, chuan
giam nghich dao, phu hgp véi cac bai toan phan tich trong bao cao 4-5 ?.

2.3 Két qua S6 hoc

St dung Python véi NumPy (N = 100, t6i wu cho w(p) < 10710): - #¥5 = 10**: Tong trong
$6 X pe10W(p) ~ 1.9258, Scoumic(0.5,1) &~ —0.6291, sai s6 tuyét ddi ~ 0.001. - *¥n = 1000%*:
Tong trong s ~ 168.9, Scosmic (0.5, 1) = —12.45, sai s6 tuyét ddi ~ 0.02. - **n = 10***: Tong
trong s6 = 1229.8, Scoemic (0.5, 1) = —94.6, sai s6 tuyét ddi ~ 0.025. - **n = 10%**: Tong trong
s6 a2 78498.1, Scosmic(0.5,1) &~ —785.2, sai s6 tuyét dbi ~ 0.03, thdi gian tinh todn ~ 1.2 gidy
trén CPU tiéu chuén.



Dbi v6in = 10%: - N = 10: S¢osmic(0.5,1) ~= —785.0, sai s6 = 0.032. - N = 10°: Scoemic (0.5, 1) ~
—785.1, sai s6 ~ 0.029. Dbi v6i n = 10%: - o0 = 0, = 0: Scosmic(0,0) ~ 1229.8, sai s6 ~ 0.01.
- =0.75,1 = 2: Seosmic(0.75,2) ~ —47.5, sai s6 ~ 0.026.

Bién do [Scosmic(0.5,1)| xép xi w(n)/logn, trong d6 y(n) = ¥ ,<,logp. Véi n = 10°,
W(100) ~ 5.43 x 10°, do d6 [Seosmic| = 5.43 x 10°/13.8 ~ 393.5, gin véi gia tri thuc té. Xu
huéng sai s6 ting tir 0.001 dén 0.03 phan 4nh tich liiy sai sb tit 7t(n) s6 hang, phit hop vé6i gidi
han Iy thuyét O ( %) TitchmarsH [1986].

A=A, 2
def compute_S_cosmic(n, alpha, t, N=100):
primes = sieve_of_eratosthenes (n)
w, lambda_p = [], I[]
log_n = math.log(n)
for p in primes:
log_p = math.log(p)
w.p = (1 / log_p) * math.log(log_n / log_p) * \
(1 - math.log(log_p) / math.log(log_n)) *
math.exp (- (log_p)**2 / log_n)
if w_p < le-10: continue
lambda_val = sum(Im_gamma_k[k] * (log_p)**2 / k**2 * \
math.exp (- (math.log(k))**2 / log_n) for k in

\

range (1, N+1)) + \
7.83 * log_p / math.sqgrt (log_n)
w.append (w_p)
lambda_p.append (lambda_val)
S = sum(w_p * math.cos(2 * math.pi * p * alpha) * \
math.cos (2 * math.pi * 1lp * t) for p, w_p, lp in zip(
primes, w, lambda_p))
return S

Listing 1: Thuat toan tinh S¢ogmic
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Hinh 2: Trong s6 entropy w(p) cho n = 100 va n = 10*

3 Ung dung So bd

Mo hinh HRM diéu chinh phuong phap vong cho Pinh 1y Goldbach va Dirichlet thong qua phan
tich cung chinh/phu, sit dung hat Fejér dé x4p xi cac nghiém khong tim thudng trong Gia thuyét

4



Y w(p) Scosmic(0.5,1) Sai s6 Tuyét dbi

n

10 1.9258 -0.6291 0.001

1000 168.9 -12.45 0.02

10* 1229.8 -94.6 0.025

10° 78498.1 -785.2 0.03

Bang 3: Két qua sd hoc va sai s6 tuyét doi
Gia thuyét Phuong phap Sai s6 Tham chiéu
Goldbach Phuong phép vong O(n/(logn)"®) Hardy and Littlewood
[1923]

Riemann Hat Fejér 10° ?
Dirichlet Phuong phap vong 0.095 ?
RH-GC Phan b6 phd - ?

Bang 4: Ung dung ctia M6 hinh Cong hudng Hai hoa (The Harmonic Resonance Model)

Riemann, va khai thac phan b6 phd dé lién két Gia thuyét Riemann véi Dinh 1y Goldbach.

4 Phan bién va Bién minh

* Phu thudc nghiém zeta: Tan s6 A2 loai bo syt phy thudc vao ¥, ddm bao tinh tong quat.

« Sai so tich phan: Hing s ¢; =

« Anh xa phé: Khong tdn tai tring lip gid tri riéng do Ap —Ay| >

1
4z2’

1

on dinh nhu minh hoa trong Hinh[1l

—7=—. Khi n — oo, anh

c
0gl/Sp”

xa van on dinh, vi khoang céch |4, — ,| dugc duy tri Reed and Simon [1980].

5 Thao luan

Yéu tb HRM Berry- Connes Sang
Keating
Phuong phap ~ Phd Tuong tu Cong thiic vét T8 hop
lugng tu
Sai 6 O(n/log’n) O(n/log?n) O(n/logn) O(n/log'"n)
Thoi gian (s) 1.2 2.5 3.0 0.8
Ung dung Goldbach, Riemann Riemann Khoang cach
Riemann s6 nguyén tb

Bang 5: So sanh HRM véi cac phuong phap khac

M6 hinh HRM c¢6 tiém niing mo hinh héa phan bd gid tri riéng trong 1y thuyét ma tran ngiu
nhién, chang han khodng cach gid tri riéng ctia ma train GUE, hoic cac bai toan hinh hoc phd,
nhu phan tich phd cta céc da tap ?.



6 Ketluan
M0 hinh Cong hudng Hai hoa (The Harmonic Resonance Model) cung cip mot khung ly thuyét

phd chit ché, v6i cac ting dung tiém ning trong ly thuyét sd va cic linh vuc lién quan. Ching
t6i hy vong nghién cifu nay déng gép vao viéc hiéu siu hon vé phan bd s6 nguyén td.

7 Hudng Nghién ciru Tuwong Lai

Gia thuyét Cip S6 Nguyén t.

Phan bb khodng cich s6 nguyén to.

Ham L-automorphic.

Tai liéu Bo sung

Ma Python, céc suy dan chi tiét, va thu gii bién tip c6 sin theo yéu cau.
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