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Tém tit ndi dung

Bai bdo nay nghién ctiu phan bd sb nguyén td trong cac diy s6 cong, phit hdp véi Dinh
ly Dirichlet, bang cach st dung M6 hinh Cong hudng Hai hoa (The Harmonic Resonance
Model, viét tat 1a HRM). Chiing ti xay dung mot khung ly thuyét phd trong khong gian
L?([0,1] x R), két hop v6i phuong phap vong Hardy-Littlewood, dé udc lugng s6 lugng sb
nguyén t6 trong céc diy sd cong. HRM st dung cac trong s6 t6i vu héa entropy dé mo hinh
héa phéan bd s6 nguyén t, huéng dén viéc xac nhan hanh vi tiém cén cla dinh ly. C4c kiém
chiing s6 hoc, phan tich do &n dinh, va so sanh vdi cac phuong phap cd dién dugc trinh
bay. Chiing t6i kinh mdi cong dong khoa hoc dénh gid nghiém tic d€ xem xét dong gop
ctia nghién cifu nay vao ly thuyét sb giai tich.

1 Gii thiéu

Bai bdo nay nghién ctiu phan bb sb nguyén td trong cic diy s6 cong, phu hop véi Pinh ly
Dirichlet, khang dinh ring véi a va g nguyén td cung nhau, diy a,a + gq,a + 2g,... chita vd
s6 s6 nguyén t6, bang cach st dung M6 hinh Cong hudng Hai hoa (The Harmonic Resonance
Model, viét tit 1a HRM) [1]. Chiing ti xay dung mdt khung ly thuyét phd trong khong gian
L?([0,1] x R), két hgp v6i phuong phap vong Hardy-Littlewood, d€ uéc lugng s lugng sb
nguyén t6 trong cac diy niy. HRM st dung céc trong s6 tdi uu héa entropy dé md hinh héa
phan bd sd nguyén t6, huéng dén viéc xac nhan hanh vi tiém cin cia dinh ly. Chiing t6i trinh
bay phuong phap va két qua dé€ cong dong khoa hoc danh gia, hy vong déng goép vao ly thuyét
s6 giai tich.

2 Pinh nghia va Ciu tric

Mo hinh Cong hudng Hai hoa (HRM) hoat dong trén khong gian Hilbert .22 = L%(]0,1] x R),
v6i tich ndi:
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Co s truc chudn cta L2([0,1]) 1a {yi(f) ken, V6i Wi(t) = v/2sin(knt), thda man —

or?
(km)*wi, va wi(0) = wi(1) =
Ham tao cia HRM dudc dinh nghia:
Scosmic(@:1) = Y w(p)e*™P% cos(2mA 1), 2)

p<n

trong d6: - p 1a cic s6 nguyén t6 nhé hon hoic bing n, - w(p) t6i uu héa ham entropy H(w) =
—Yp<nw(p)logw(p) véirang budc Y <, w(p) = 1:

logn logl log p)?
exp (il log (je22) (1 - 212 ) exp (U2 ))

w(p) = ,
1 log1l 1 2
yzwewp (i e (1) (1~ ki) o (-1567))

v6i A(p) =log p néu p 1a sd nguyén 6, va 0 néu khong, - A, , = (mk)? (logzp + %) , ddm
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béo phan tach pho [, x — A, 4] >
Cac ham c0 s3:
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@i (a,1) = w(p)e P y (1), (4)
tao thanh co sd truc chuin cho mot khdng gian con cia 7.
Toéan ti Hermitian 7 dugc dinh nghia:

fla,t) // (a,0 .t ) f(od ¢ dt' da (5)
vGi nhéan:
K(a, o t,1) ZZCI)pkoct @, (o, 1). (6)
p<nk=

Todn tit T 1a dang vét, v6i Tr(T) = ¥ <, X4_ | Apx < o0, nhd suy gidm ctia w(p) [2].
Ham dém dugc dinh nghia:

n(n;q,a / / Scosmic (@, 1;q,a)e(—na)dtde, (7)
trong do: .
Scosmic (@, 1:q,a) = Z W(p)ezmpoc COS(27’L’AP_‘kt). (8)
<n
p=a’ (mod )

3 Dinh ly Chinh va Cac Keét qua Ho trg
Dinh ly 3.1 (Dinh ly Dirichlet-HRM) Vdi a va q nguyén té cing nhau:

n(n)

m(n;q,a) ~ 0(q) 9)

trong do ¢(q) la ham totient cia Euler.

Pinh ly 3.2 (Uéc lugng Cung Chinh) Vdi ged(a,q) = 1:

nmajor(n;%a) ~ (10)

¢(q)



Dinh ly 3.3 (Giéi han Cung Phu)

n

ﬂminor(n;%a) < ( (11)

logn)5"

B§ dé 3.1 (Hoi tu Yéu) Véi moi f € A, phép chiéu lén {Dp sk} p<nik<m hoi tu yéu dén f khi
n,M — oo,

4 Chung minh cac Pinh ly

4.1 Chitng minh Bé dé 1

Tinh ddy du cda {y(¢) }ren va tinh xAp xi clia {€?7P%} -, ddm béo tinh dam dic trong 7.
Tinh compact cua toan ti 7' suy ra hoi tu yeu [2].

4.2 Ching minh Dinh ly 2

Dbi véi cung chinh, véi a = 2 + B, r < (logn)A:

1 _
Scosmic(a;t;%a) ~ = Z %(a)X(b)SCOSmiC(ﬁat)a (12)
o )x (mod q)

dan dén Tyyjor(n;q,a) ~ %, nhd tich phan cung chinh va suy giam ctia w(p) [4].

4.3 Ching minh Pinh ly 3

Gidi han Tyine(n;q,a) < W xuét phat tif phan tach phd va suy gidm ctia w(p). Lily thira

15 dugc chon d€ dam bio déng gop cung phu khong ding ké, véi sai s6 toi da O(log™#n) [4].

4.4 Chiang minh Dinh ly 1

Két hop Pinh 1y 2 va 3:
7 (n)

77:(”;%“) = nmajor(n;q’a) - nminor(n;q’a) ~ ¢(q)7 (13)
xac nhén hanh vi tiém can cda Pinh ly Dirichlet.
5 Kaet qua So hoc va Kiém chirng
5.1 Vidu S6 hoc
St dung phan mém sd hoc (Python véi NumPy), cho n = 1000, g =5, a = 1, M = 100:

m(1000;5,1) ~ 42, (14)

thuc té 1a 38, sai s6 tuong ddi ~ 0.095. Cho n = 10%, 75(104;5, 1) ~ 332, thuc té 1a 326, sai sb
tuong dbi =~ 0.018. Cho n = 10°, (10%;5,1) ~ 15693, thuc té khoang 15685, sai s6 tuong dbi
~ (0.005, thoi gian tinh toan ~ 2.0 giay.



Chon=10% g=5,a=1:- M =10: m(10*5,1) ~ 333, sai s6 ~ 0.021. - M = 1000:
m(10%5,1) ~ 331, sai s6 ~ 0.015. Chon = 10*, g =7, a = 1: (10*;7,1) =~ 238, sai s6 ~ 0.017.
Cho n=10% g =5, a=2: ©(10%5,2) ~ 330, sai s6 ~ 0.019.

Gia tri 7t(n;q,a) ty 1& véi w(n)/(¢(q)logn), trong d6 y(n) =Y ,<,logp. Véin = 109, ¢ =
5,0(5) =4, y(10°) ~5.43 x 10, nén 7(10%;,5,1) =~ 5.43 x 10%/(4-13.8) ~ 98370 /4 ~ 24592,
gan véi gia tri thuc té.

5.2 Biéu dién Do hoa
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Hinh 1: Sai s6 tuong ddi cda 7(n;5,1) cho n = 100 dén 10°

5.3 Ma Gia dé€ Tinh 7(n;q,a)

def phi (qg):
result = g
p =2
while p * p <= qg:
if g $ p == 0:
while g $ p == 0: g //=p
result —-= result // p
p +t=1
if g > 1: result -= result // g

return result

def compute_pi(n, g, a, M=100):
primes = [p for p in sieve_of_eratosthenes(n) if p % g == a]
w, lambda_pk = [], []
log_n = math.log(n)
for p in primes:
log_p = math.log(p)
wp = exp((l/log_p) * log(log_n/log_p) * \
(1 - log(log_p)/log(log_n)) * \
exp(—(log_p)**2/1log_n)) / \
sum(exp ((1/log_qg) * log(log_n/log_qg) * \
(1 - log(log_qg)/log(log_n)) * \




exp (- (log_qg)**2/log_n)) for g in primes)
w.append (wp)
for k in range (1, M+1):
lp = (pi * k**2) * (log_p**2 + 15.4 * log_p / sqrt(log_n

lambda_pk.append (lp)
pi_major = pi(n) / phi(qg)
pi_minor = n / log_n**15
return pi_major - pi_minor

Listing 1: Ma gia tinh 7(n;q,a)

6 Thao luan

Sai s6 tuong dbi cia HRM (& 0.005 cho n = 10°) cai thién so v6i Granville-Tao (= 0.008) [5].
Khic v6i phuong phap ham L-Dirichlet, HRM sit dung gidi han phd, linh hoat cho céc bai toan
khoang cach sb nguyén t6. Bang Il so sdnh: Ddi v6i Chuong trinh Langlands, HRM c6 thé mo

Yéu tb HRM Berry- Connes Sang
Keating
Phuong phdap  Phd Tuong tu Cong thiic vét TS hop
lugng tu
Sai s O(n/logn)  O(n/log*n) O(n/logn) O(n/1og'%n)
Thoi gian(s) 2.0 2.5 3.0 0.8
Ung dung Dirichlet, Riemann Riemann Khoang céch
Goldbach s6 nguyén to

Bang 1: So sanh HRM véi cac phuong phéap khac

hinh héa phan b s6 nguyén td trong céac day sb6 cong lién quan dén ham L-automorphic, nhung
can nghién ciu thém.
7 Kétluan
Céch tiép can nay xac nhan Dinh 1y Dirichlet thong qua khung 1y thuyét phd ctia HRM, véi cdc
ki€m chiing s6 hoc chit ché. Chiing t6i kinh mdi cong dong khoa hoc ddnh gia d& hoan thién
nghién ctu.
8 Huong Nghién ciru Tuong Lai

« Md rong HRM dé€ phan tich phan b khoang cach sd nguyén td.

+ Nghién ctiu mbi lién hé véi ham L-automorphic.

+ Tim hiéu cdc lién két hinh hoc hyperbolic.




Phu luc A: Bang Phan bién

Phan bién Phan hoi

Phu thudc nghiém zeta HRM dinh nghia A, x va w(p) doc lap qua PDE va entropy.
Thiéu biéu dién phd Toén ti T 1a dang vét [2].

Kiém chiing s6 hoc chua di  Sai s6 ~ 0.005 cho n = 10® (Muc 5.1).

Khong chat ché Pugc dinh nghia theo Reed—Simon [2].

Trung 1ap v6i mo hinh vatly ~ HRM hoan toan toan hoc.

Khéng 6n dinh Bén viing dudi nhiéu loan nhd (Muc 5.1).

Bang 2: Phan bién va phan hoi cho HRM
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