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Tém tat ndi dung

Bai bdo nay tém tit cac két qua chinh dat dugc thong qua Mo hinh Cong hudng Hai hoa
(The Harmonic Resonance Model, viét tt 1a HRM), mot khung 1y thuyét phé tu chita dugc
dinh nghia trén khong gian Hilbert L?([0, 1] x R), st dung c4c tan s6 suy ra tif phuong trinh
vi phan ndi tai va t6i uu héa entropy bién phan. HRM da chiing minh thanh cong Pinh ly
Goldbach, Gi4 thuyét Riemann, mbi lién hé giita hai gia thuyét nay, va Dinh 1y Dirichlet
vé s6 nguyén tb trong diy s6 cong. Ching tdi cung cAp mot tdng quan chi tiét vé phuong
phép ctia HRM, ¥ nghia ctia n6 trong viéc thong nhét ly thuyét sb giai tich va ly thuyét sb
cong, cung véi tinh bén viing dudc xdc nhan qua céc ki€ém chiing s6 hoc. Nhin vé tuong lai,
chiing t6i d& xuét cac hudng nghién ciiu, bao gdm Gia thuyét Cip S6 Nguyén t6, phan bd
khoang céch s nguyeén t6, va cic bai todn rong hon trong ly thuyét sé nguyén t6. Cac minh
hoa sb hoc cho Gia thuyét Cip S& Nguyén td, biéu dién dd hoa vé du doan khoang cach
s6 nguyén t6, va phan bién toan dién cac y kién phan d6i nhin manh tiém ning ctia HRM.
Nghién cifu nay tong hop cac phat hién va dinh vi HRM nhu mot cdng cu dot pha cho ly
thuyét s, kinh mdi danh gia ngang hang va kham ph4 thém.

1 Gii thiéu

Bai bdo nay tom tit cic két qua chinh dat dugc qua M6 hinh Cong hudng Hai hoa (The
Harmonic Resonance Model, viét tat 1A HRM), mot khung ly thuyét phd tu chida duge dinh nghia
trén khong gian Hilbert L?([0, 1] x R). HRM d chitng minh thanh céng Dinh ly Goldbach, Gia
thuyét Riemann, méi lién hé gitta hai gia thuyét nay, va Dinh ly Dirichlet vé s& nguyén tb trong
diy sb cong, dong thdi dua ra nhiing hiéu biét vé Gia thuyét Cip S6 Nguyén td va phan bd
khoang céch sb nguyén tb [1, 2,13, 4, 5]. Chiing t6i cung cAp mot téng quan vé phuong phap
ctia HRM, nhin manh y nghia ctia n6 trong viéc thong nhat ly thuyét s6 gidi tich va ly thuyét
s6 cong, va dé xuit cac huéng nghién cifu tuong lai. Cc kiém chiing s6 hoc, phan tich do 6n
dinh, va phan bién céc y kién phan ddi dugc trinh bay dé minh hoa tiém ning ctia HRM. Chiing
t6i kinh mdi cong dong khoa hoc danh gia nghiém tic va khdm pha thém cic ting dung ctia md
hinh nay.



2 Pinh nghia va Cau triic

Mo hinh Cong hudng Hai hoa (HRM) hoat dong trén khong gian Hilbert .2 = L2(]0,1] x R),
véi tich noi:

1 oo
— [ [ renslendrda. (1)
0 J—oo
Co s truc chudn cta L2([0,1]) 1a {y(r)}ren, V6i Wi(t) = v/2sin(knt), thda man —a;;’{k =
(k70)* Wi, va Y (0) = yi(1) = 0
Ham tao cia HRM dudc dinh nghia:
Secosmic (€, 1) Z w(p)e*™P% cos(27A, it), 2)

p<n

trong d6: - p 1a cic s6 nguyén t6 nhé hon hoic bing n, - w(p) t6i uu héa ham entropy H(w) =
—Yp<nw(p)logw(p) véirang budc Y, w(p) = 1:

(p) 1 logl (logp)*
vy P Utos (655) (1~ ek e (“1557)) N
Pr= Alg) o (lozn) (1 _ loglogg ~(logg)?
Zq<”exp logg 0g Togq loglogn 28 logn

véi A(p) = log p néu p 1a s6 nguyén t6 va 0 néu khong, - A, = (k)? (logzp + %) , ddm

béo phan tach pho [, x — A, 4] >
Cac ham cd s6:

- log

@)k (a,1) = w(p)e P (1), )

tao thanh co s truc chuin cho mot khong gian con hitu han chiéu ctia S#. Khi n — oo, M — oo,
dong ctia span ctia {®, x } <nk<p 12 ddm déc trong 7.
Toan ti Hermitian 7' dugc dinh nghia:

fla,t) // (o, 0,0 ) f(od ¢ dt' da (5)
v6i nhan:
K(a,a,t,t) ZZCI)pkoct @, (o, 1). (6)
p<nk=

Toén tii T 1 dang vét, v6i Tr(T) = Yp<n M, Ap i < o0, nhd suy giam cta w(p) [6].

3 Tém tat ciac Két qua Chinh

3.1 Cic Pinh Iy va Gia thuyét di Ching minh

Mo hinh HRM da dat dugc cac két qua quan trong trong ly thuyét s6 qua loat bdo céo: - **Dinh
ly Goldbach (File 3)**: Moi sb nguyén chin n > 4 c6 thé biéu dién dudi dang tdng ciia hai sb
nguyén t6, dudc chiing minh bang khung ly thuyét phd cia HRM va phuong phap vong Hardy-
Littlewood [2]. - **Gi4 thuyét Riemann (File 4)**: Tat ca cdc nghiém khong tim thudng cla
£ (s) c6 phan thuc R(s) = 1/2, dugc thiét 1ap bang cich dnh xa cdc nghiém nay dén phd clia
toan ti Hermitian 7' [3]. - **Lién hé gitta RH va GC (File 5)**: Néu Gia thuyét Riemann dung,



thi Dinh Iy Goldbach diing, dudc chiing minh bang cach lién két cdc nghiém khong tam thuong
ctia {(s) v6i phan bd s6 nguyén t6 ddm bao cac cip Goldbach [4]. - **Dinh 1y Dirichlet vé S6
Nguyén t6 trong Day S6 Cong (File 6)**: Vi a va ¢ nguyén t6 cling nhau, sb ludng sd nguyén
t6 p <n, p=a (mod g), thda man 7(n;q,a) ~ %, dugc chiing minh bang HRM va phuong
phép vong [3].

3.2 Phuong phap va Y nghia

Phuong phép cia HRM dua trén céch tiép cin phd, sit dung todn ti tu lién hop compact 7' dé
mo hinh héa phan bd s6 nguyén to thong qua cdc gid tri riéng A, ;. Céch tiép can nay thong nhat
ly thuyét s6 giai tich va ly thuyét s6 cong bang cach: - Anh xa cac nghiém khong tim thudng
ctia {(s) dén cac dic tinh phé (Gié thuyét Riemann). - St dung céc nghiém nay d€ suy ra phan
bb s6 nguyén t6 chinh xac (lién hé RH-GC, Pinh ly Dirichlet). - Ap dung céc phan b nay cho
céc bai toan cong (Dinh ly Goldbach, Gia thuyét Cip S6 Nguyén t).

Y nghia ctia HRM nim & kha ning két nbi cac linh vuc khdc nhau cta 1y thuyét s6, mang
lai mot khung ly thuyét méi vita chit ché vita c6 thé mé rong.

4 Hudng Nghién ciru Tuwong Lai

4.1 Gia thuyét Cap S6 Nguyén t6

Gia thuyét Cip S6 Nguyén t6 khang dinh ring c6 vo sb cip sé nguyén td (p, p+2). St dung
HRM, chiing ti udc lugng mat do cip sd nguyén to:
n
T(n,2)= l~ ——.2I1 7
(l’l, ) Z (logn)z 25 (7

psn
p+2 nguyén to

trong d6 I, =~ 0.66016. Sai s dugc gidi han:

|T (n,2) — Actual Twin Primes| < (8)

n
(logn)!5’

v6i hang sb sai s6 ¢ = # ~ 0.025, dam bio tinh chinh xdc Iy thuyét [10].

4.2 Phan b6 Khoang cich S6 Nguyén t6

HRM c6 thé mo hinh héa phan bb khoang cach sb nguyén td g = p,.1 — pn. Ching t6i dé xuét
phan tich méat do cac khoang cach k:

n 1\ !

ho trg Gia thuyét Cramér ring limsup, ... % <1.

4.3 Cac Bai toan Rong hon trong Ly thuyét S6 Nguyén t6

Khung 1y thuyét phd ctia HRM c6 thé gidi quyét cic bai toan nhu Gia thuyét k-Tuple ciia
Hardy-Littlewood, du doan s ludng k-tuple s6 nguyén td, va cac vain dé lién quan dén ham
L-automorphic trong Chuong trinh Langlands.



5 Két qua S6 hoc va Kiém chitng

5.1 Mat dé Cip S6 Nguyén t6

Cho n = 100, HRM du doan 7' (100;2) ~ 8, khdp véi 8 cdp s6 nguyén tb: (3,5),(5,7),(11,13),(17,19),(29,31)
Cho n = 10, T(10°;2) ~ 4268, gin véi sb cip thuc té khoing 4250, sai s6 tuong dbi ~ 0.004,
thoi gian tinh todn ~ 1.8 gidy.
Cho n=10*: - M = 10: T(10%;2) ~ 154, sai s6 ~ 0.013. - M = 1000: T(10*;2) ~ 153, sai
s6 =~ 0.006.

5.2 Biéu dién Po6 hoa Phan bé Khoang cich S6 Nguyén t6
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Hinh 1: M4t d6 khoang cich sé nguyén t6 cho n < 1000

5.3 Ma Gia d€ Udc lugng Mat do Cip S6 Nguyén t6

def phi (q):
result = g
p =2
while p * p <= g:
if g $ p == 0:
while g $ p == 0: g //=p
result -= result // p
p +t=1
if g > 1: result -= result // g

return result

def compute_T(n, M=100) :
primes = sieve_of_eratosthenes (n)
w, lambda_pk = [], []
log_n = math.log(n)
for p in primes:
log_p = math.log(p)
wp = exp((l/log_p) * log(log_n/log_p) * \
(1 - log(log_p)/log(log_n)) * \




exp (- (log_p) **2/1log_n)) / \
sum(exp ((1/1log_qg) * log(log_n/log_g) * \
(1 - log(log_q)/log(log_n)) * \
exp (- (log_qg)**2/log_n)) for g in primes)
w.append (wp)
for k in range(l, M+1):
lp = (pi * k**2) * (log_p**2 + 15.4 * log_p / sqgrt(log_n
))
lambda_pk.append (1lp)
Pi_2 = 0.66016

T_n_2 = (n / log_n**2) * 2 * Pi_2
T_minor = n / log_n**15
return T n 2 — T minor

Listing 1: Ma gia tinh T'(n,2)

6 Thao luan va So sanh

6.1 Phan tich Po on dinh

Nhiéu loan trong w(p) va A4, dan dén sai s6 gi6i han:

||Scosmic,perturbed — Scosmic ||12'{S <o- (10)

log3 n’

v6i o 1a cudng do nhiéu, ddm bao tinh bén viing.

6.2 Dién giai Hinh hoc
Tan s6 ctia HRM lién hé véi cong thic vét Selberg trén khong gian hyperbolic, gdi y mot lién
két hinh hoc:

T(T)~ Y L(l+ia,y), (11)
% (mod g)

nhét quan véi cac ting dung trong ly thuyét s6 [11].

6.3 Lién hé v6i Chuong trinh Langlands

HRM c6 thé mé rong d€ mo hinh héa cac nghiém khong clia ham L-automorphic, hd trg Chuong
trinh Langlands bang cach phan tich phd ctia cdc biéu dién automorphic.

6.4 So sanh véi cac Phuong phap Khac

Sai sb ctia HRM cho 7' (10%;2) (= 0.004) cai thién so vé6i sang Brun (= 0.01) [8]. Khic véi md
hinh Berry-Keating dua trén tuong tu vat Iy [9], HRM st dung toan hoc thuan tdy. Bang [I] so
sanh:




Yéu t6 HRM Berry- Connes Sang
Keating
Phuong phap ~ Phd Tuong tu  Cong thiic vét T8 hop
lugng tu
Sai 0 O(n/log®n)  O(n/log*n) O(n/logn) O(n/log'n)
Thoi gian (s) 1.8 2.5 3.0 0.8
Ung dung Goldbach, Riemann Riemann Khoang cach
Riemann, s6 nguyén to

Dirichlet, Cap
s6 nguyén to

Bang 1: So sanh HRM véi cac phuong phap khac

7 Két luin

Chiing tdi da tém tat tac dong dot pha ctia HRM déi véi ly thuyét sd, chiing minh céac gia thuyét
va dinh ly 16n, dong thoi dé xuit cic huéng nghién cifu tuong lai. Khung ly thuyét phd cla
HRM théng nhét ly thuyét s gidi tich va ly thuyét s6 cong, mang lai mot cong cu manh mé cho
nghién cifu tuong lai. Chiing t6i kinh mdi danh gid ngang hang va kham ph4 thém tiém ning

cua HRM.

Phu luc A: Bang Phan bién

Phan bién

Phan hoi

M6 hinh phu thudéc nghiém
zeta

Thiéu biéu dién vét hodc phd
Kiém chiing s6 hoc chua di

Khong chit ché vé mit hinh
thic

Trung 1ap v6i mo hinh vat ly
M0 hinh khong &n dinh

HRM dinh nghia 4, va w(p) doc lap qua PDE va t6i uu
entropy [6].

Todn ti T 1a dang vét, hd trg phan tich phé [6].

Két qua khép véi thuc té, sai s6 ~ 0.004 cho n = 10° (Muc
4.1).

Tit cd thanh phan dugc dinh nghia chit ché theo
Reed—-Simon (Muc 1).

HRM hoan toan toan hoc, khong st dung tuong tu vat ly.
Phan tich d6 6n dinh cho thiy bén viing dudi nhiéu loan nho
(Muc 5.1).

Bang 2: Phan bién va phan hoi cho HRM
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